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When the effects of dispersion are included, neither the Abraham nor the Minkowski expression for
electromagnetic momentum in a dielectric medium gives the correct recoil momentum for absorbers
or emitters of radiation. The total momentum density associated with a field in a dielectric medium
has three contributions: (i) the Abraham momentum density of the field, (ii) the momentum density
associated with the Abraham force, and (iii) a momentum density arising from the dispersive part of
the response of the medium to the field, the latter having a form evidently first derived by D.F. Nelson
[Phys. Rev. A44, 3985 (1991)]. All three contributions are required for momentum conservation in
the recoil of an absorber or emitter in a dielectric medium. We consider the momentum exchanged
and the force on a polarizable particle (e.g., an atom or a small dielectric sphere) in a host dielectric
when a pulse of light is incident upon it, including the dispersion of the dielectric medium as well
as a dispersive component in the response of the particle to the field. The force can be greatly
increased in slow-light dielectric media.
PACS numbers: 42.50.Wk, 42.50.Ct,41.20.-q,42.50.Nn
I. INTRODUCTION
Electromagnetic momentum in a dielectric medium is a
subject with a very extensive literature, especially in con-
nection with its different formulations. The two most fa-
vored forms by far are those of Abraham and Minkowski;
as aptly remarked in a recent paper [1], “There is ...
a bewildering array of experimental studies and associ-
ated theoretical analyses which appear to favor one or
other of these momenta or, indeed, others.” An aspect of
this subject that has received surprisingly little attention
concerns the effects of dispersion on the Minkowski and
Abraham momenta and on the electromagnetic forces on
polarizable particles. The intent of the present paper is
to address such effects, which might help to clarify the
physical interpretation of the Abraham and Minkowski
momenta and the distinction between them.
We first review briefly the Abraham and Minkowski
momenta for the situation usually considered—a di-
electric medium assumed to be dispersionless and non-
absorbing at a frequency ω. The Abraham and
Minkowski momentum densities are respectively
PA =
1
c2
E×H and PM = D×B (1)
in the standard notation for the fields on the right-hand
sides. We will take the permeability µ to be equal to its
vacuum value µ0, which is generally an excellent approx-
imation at optical frequencies. For single photons the
magnitudes of the Abraham and Minkowski momenta are
given by (see Section II)
pA =
1
n
h¯ω
c
and pM = n
h¯ω
c
, (2)
where n is the refractive index at frequency ω. From
D = ǫ0n
2E it follows that
∂PM
∂t
=
∂PA
∂t
+ fA, (3)
where
fA =
1
c2
(n2 − 1)
∂
∂t
(E×H) (4)
is the Abraham force density. For single-photon fields
the momentum pA associated with the Abraham force is
[(n2 − 1)/n]h¯ω/c, and (3) becomes pM = pA + p
A.
The Abraham momentum is generally regarded as
the correct momentum of the electromagnetic field [2],
whereas the Minkowski momentum evidently includes
the momentum of the dielectric medium as well as that
of the field. Ginzburg [3] calls pM the momentum of
a “photon in a medium,” and notes that its use, to-
gether with energy and momentum conservation laws,
yields correct results for Cerenkov radiation as well as
the Doppler shift. Experiments appear by and large to
indicate that it is the momentum nh¯ω/c per photon that
provides the recoil and radiation pressure experienced by
an object immersed in a dielectric medium [4]. However,
when dispersion (dn/dω) is accounted for, nh¯ω/c is not
the Minkowski momentum of a photon, as we review in
the following section.
This paper is organized as follows. In the following
section we briefly discuss the generalization of the Abra-
ham and Minkowski momenta to the case of a dispersive
dielectric medium [5] and consider two examples: (i) the
Doppler shift in a dielectric medium [6] and (ii) the dis-
placement of a dielectric block on a frictionless surface
due to the passage of a single-photon field through it [7].
A consistent description of momentum transfer in these
examples requires that we account for momentum im-
parted to the medium. In Section III we calculate the
2force exerted by a quasimonochromatic plane wave on a
polarizable particle and on a dispersive dielectric medium
modeled as a continuum, and obtain a dispersive contri-
bution to the latter in agreement with an expression that,
to the best of our knowledge, was first derived, in a rather
different way, by Nelson [8]. In Section IV we consider
the momentum exchange between a plane-wave pulse and
an electrically polarizable particle immersed in a nonab-
sorbing dielectric medium, and show that this momen-
tum depends on both the dispersion of the medium and
the variation with frequency of the polarizability; in par-
ticular, in slow-light media it can be large and in the
direction opposite to that in which the field propagates.
Section V presents derivations of some results relevant to
Section VI, where we generalize the results of Section IV
to include absorption and discuss the forces exerted by
a pulse on a small dielectric sphere in a host slow-light
medium. Section VII briefly summarizes our conclusions.
II. ABRAHAM AND MINKOWSKI MOMENTA
FOR DISPERSIVE MEDIA
We first recall the expression for the total cycle-
averaged energy density when a plane-wave monochro-
matic field [E = Eωe
−iωt, H = Hωe
−iωt, H2ω =
(ǫ/µ0)E
2
ω] propagates in a dispersive dielectric at a fre-
quency ω at which absorption is negligible [9]:
u =
1
4
[
d
dω
(ǫω)E2ω + µ0H
2
ω
]
, (5)
or equivalently, in terms of Eω and the group index ng =
d(nω)/dω,
u =
1
2
ǫ0nngE
2
ω. (6)
When the field is quantized in a volume V , u is in effect
replaced by qh¯ω/V , where q is the expectation value of
the photon number in the volume V ; therefore, from (6),
E2ω is effectively 2h¯ω/(ǫ0nngV ) per photon. Thus, for
single photons, the Abraham momentum defined by (1)
is
pA =
n
c
1
2
ǫ0
2h¯ω
ǫ0nngV
V =
1
ng
h¯ω
c
. (7)
Similarly,
pM =
n2
ng
h¯ω
c
, (8)
which follows from the definition in (1) and the relation
D = ǫ0n
2E; thus pM = n
2pA. These same expressions
for pA and pM can of course be obtained more formally
by quantizing the fields E, D, H, and B in a dispersive
medium [5].
Two examples serve to clarify the differences among
the momenta involved in the momentum exchange be-
tween light and matter. The first example is based on an
argument of Fermi’s that the Doppler effect is a conse-
quence of this momentum exchange [6], as follows. Con-
sider an atom of mass M inside a host dielectric medium
with refractive index n(ω). The atom has a sharply de-
fined transition frequency ω0 and is initially moving with
velocity v away from a source of light of frequency ω.
Because the light in the atom’s reference frame has a
Doppler-shifted frequency ω(1−nv/c) determined by the
phase velocity (c/n) of light in the medium, the atom can
absorb a photon if ω(1− nv/c) = ω0, or if
ω ∼= ω0(1 + nv/c). (9)
We denote the momentum associated with a photon in
the medium by ℘ and consider the implications of (non-
relativistic) energy and momentum conservation. The
initial energy is Ei = h¯ω +
1
2Mv
2, and the final energy,
after the atom has absorbed a photon, is 12Mv
′2 + h¯ω0,
where v′ is the velocity of the atom after absorption. The
initial momentum is ℘+Mv, and the final momentum is
just Mv′. Therefore
1
2
M(v′2 − v2) ∼=Mv(v′ − v) = Mv(℘/M) = h¯(ω − ω0),
(10)
or ω ∼= ω0 + ℘v/h¯. From (9) and ω ∼= ω0 we conclude
that
℘ = n
h¯ω
c
. (11)
Thus, once we accept the fact that the Doppler shift de-
pends on the refractive index of the medium according
to Eq. (9), we are led by energy and momentum con-
servation to conclude that an atom in the medium must
recoil with momentum (11) when it absorbs (or emits)
a photon of energy h¯ω. Momentum conservation in this
example is discussed in more detail below.
In our second example we consider, following Bal-
azs [7], a rigid block of mass M , refractive index n,
and length a, initially sitting at rest on a frictionless
surface. A single-photon pulse of frequency ω passes
through the block, which is assumed to be nonabsorb-
ing at frequency ω and to have anti-reflection coatings
on its front and back surfaces. The length a of the
block is presumed to be much larger than the length of
the pulse. If the photon momentum is ℘in inside the
block and ℘out outside, the block picks up a momen-
tum MV = ℘out − ℘in when the pulse enters. If the
space outside the block is vacuum, ℘out = mc, where
m = E/c2 = h¯ω/c2. Similarly ℘in = mvp, where vp
is the velocity of light in the block. Without dispersion,
vp = c/n and the momentum of the photon in the block is
evidently ℘in = mc/n = h¯ω/nc. The effect of dispersion
is to replace vp = c/n by vg = c/ng and ℘in = h¯ω/nc by
℘in = h¯ω/ngc. With or without dispersion, this example
suggests that the photon momentum in the medium has
the Abraham form. Note that the essential feature of
Balazs’s argument is simply that the velocity of light in
the medium is vp (or, more generally, vg). This, together
3with momentum conservation, is what leads him to con-
clude that the momentum of the field has the Abraham
form.
This prediction can in principle be tested experimen-
tally. Conservation of momentum requires, according to
Balazs’s argument, that MV = m(c − vg). When the
pulse exits, the block recoils and comes to rest, and is
left with a net displacement
∆x = V∆t =
m
M
(c− vg)
a
vg
=
h¯ω
Mc2
(ng − 1)a (12)
as a result of the light having passed through it. This
is the prediction for the net displacement based on the
momentum pA given in (7). If the photon momentum
inside the block were assumed to have the Minkowski
form n2h¯ω/cng given in (8), however, the displacement
of the block would in similar fashion be predicted to be
∆x =
h¯ω
Mc2
a(ng − n
2), (13)
and if it were assumed to be nh¯ω/c, as in Eq. (11),
the prediction would be that the net displacement of the
block is
∆x =
h¯ω
Mc2
ang(1− n). (14)
These different assumptions about the photon momen-
tum can lead to different predictions not only for the
magnitude of the block displacement but also for its di-
rection.
The first (Doppler) example suggests at first thought
that the momentum of the photon is nh¯ω/c [Eq. (11)],
while the second (Balazs) example indicates that it is
h¯ω/ngc. Let us consider more carefully the first example.
There is ample experimental evidence that the Doppler
shift is nvω/c regardless of dispersion, as we have as-
sumed, but does this imply that the momentum of a
photon in a dielectric is in fact nh¯ω/c? We will show in
the following section that the forces exerted by a plane
monochromatic wave on the polarizable particles of a di-
electric result in a momentum density of magnitude
pmed =
ǫ0
2c
n(nng − 1)E
2
ω = (n−
1
ng
)
h¯ω
c
1
V
; (15)
the second equality applies to a single photon, and fol-
lows from the replacement of E2ω by 2h¯ω/(ǫ0nngV ), as
discussed earlier. Now from the fact that the Doppler
shift implies that an absorber (or emitter) inside a di-
electric recoils with momentum nh¯ω/c, all we can safely
conclude from momentum conservation is that a momen-
tum nh¯ω/c is taken from (or given to) the combined sys-
tem of field and dielectric. Given that the medium has a
momentum density (15) due to the force exerted on it by
the propagating field, we can attribute to the field (by
conservation of momentum) a momentum density
n
h¯ω
c
1
V
− Pmed =
1
ng
h¯ω
c
1
V
= pA. (16)
That is, the momentum of the field in this interpretation
is given by the Abraham formula, consistent with the
conclusion of the Balazs thought experiment. The recoil
momentum nh¯ω/c, which in general differs from both the
Abraham and the Minkowski momenta, evidently gives
the momentum not of the field as such but of the com-
bined system of field plus dielectric. It is the momen-
tum density equal to the total energy density u = h¯ω/V
for a monochromatic field divided by the phase velocity
c/n of the propagating wave. As already mentioned, ex-
periments on the recoil of objects immersed in dielectric
media have generally indicated that the recoil momen-
tum is nh¯ω/c per unit of energy h¯ω of the field, just as
in the Doppler effect. But this should not be taken to
mean that nh¯ω/c is the momentum of a “photon” ex-
isting independently of the medium in which the field
propagates. Regardless of how this momentum is ap-
portioned between the field and the medium in which it
propagates, the important thing for the theory, of course,
is that it correctly predicts the observable forces exerted
by electromagnetic fields. We next turn our attention
specifically to the forces acting on polarizable particles
in applied electromagnetic fields.
III. MOMENTA AND FORCES ON
POLARIZABLE PARTICLES
We will make the electric dipole approximation and
consider field frequencies such that absorption is negligi-
ble. Then the induced electric dipole moment of a par-
ticle in a field of frequency ω is d = α(ω)Eω exp(−iωt),
and the polarizability α(ω) may be taken to be real. With
these assumptions we now consider the forces acting on
such particles in applied, quasi-monochromatic fields.
We begin with the Lorentz force on an electric dipole
moment d in an electromagnetic field [10]:
F = (d · ∇)E+ d˙×B
= (d · ∇)E+ d× (∇×E) +
∂
∂t
(d×B)
≡ FE + FB , (17)
where we define
FE = (d · ∇)E+ d× (∇×E), (18)
FB =
∂
∂t
(d×B). (19)
In writing the second equality in (17) we have used the
Maxwell equation ∂B/∂t = −∇×E. The dipole moment
of interest here is induced by the electric field. Writing
E = E0(r, t)e
−iωt = e−iωt
∫ ∞
−∞
d∆E˜0(r,∆)e
−i∆t, (20)
4in which |∂E0/∂t| ≪ ω|E0| for a quasi-monochromatic
field, we approximate d as follows:
d(r, t) =
∫ ∞
−∞
d∆α(ω +∆)E˜0(r,∆)e
−i(ω+∆)t
∼=
∫ ∞
−∞
d∆[α(ω) + ∆α′(ω)]E˜0(r,∆)e
−i(ω+∆)t
=
[
α(ω)E0(r, t) + iα
′(ω)
∂E0
∂t
]
e−iωt. (21)
Here α′ = dα/dω and we assume that higher-order dis-
persion is sufficiently weak that terms dmα/dωm can be
neglected for m ≥ 2. Putting (21) into (18), we ob-
tain after some straightforward manipulations and cycle-
averaging the force
FE = ∇
[
1
4
α(ω)|E|2
]
+
1
4
α′(ω)k
∂
∂t
|E|2, (22)
where E and k are defined by writing E0(r, t) =
E(r, t)eik·r. Since the refractive index n of a medium
in which local field corrections are negligible is given in
terms of α by n2 − 1 = Nα/ǫ0, N being the density of
dipoles in the dielectric, we have α′ = (2nǫ0/N)(dn/dω)
and
FE = ∇
[
1
4
α(ω)|E|2
]
+
ǫ0
2N
kn
dn
dω
∂
∂t
|E|2. (23)
The first term is the “dipole force” associated with the
energy W = − 12α(ω)E
2 involved in inducing an electric
dipole moment in an electric field:
W = −
∫ E
0
d · dE = −α(ω)
∫ E
0
E · dE = −
1
2
α(ω)E2.
(24)
The second term in (23) is nonvanishing only because of
dispersion (dn/dω 6= 0). It is in the direction of propa-
gation of the field, and implies for a uniform density N
of atoms per unit volume a momentum density of mag-
nitude
PD =
1
2
ǫ0n
2 dn
dω
ω
c
|E|2 =
1
2
ǫ0
c
n2(ng − n)|E|
2, (25)
since k = n(ω)ω/c. This momentum density comes
specifically from the dispersion (dn/dω) of the medium.
The force FB defined by (19), similarly, implies a mo-
mentum density PA imparted to the medium:
PA = Nd×B. (26)
As the notation suggests, this momentum density is as-
sociated with the Abraham force density (4). The result
of a straightforward evaluation of PA based on (21) and
∇×E = −∂B/∂t is
PA =
1
2
ǫ0(n
2−1)
k
ω
|E|2, PA =
1
2
ǫ0
c
n(n2−1)|E|2, (27)
when we use k · E = 0 and our assumption that |E˙0| ≪
ω|E0|. The magnitude of the total momentum density in
the medium due to the force of the field on the dipoles is
therefore
Pmed = PD + P
A =
ǫ0
2c
[
n2(ng − n) + n(n
2 − 1)
]
|E|2
=
ǫ0
2c
n(nng − 1)|E|
2 (28)
in the approximation in which the field is sufficiently uni-
form that we can ignore the dipole force ∇[ 14α|E|
2].
The complete momentum density for the field and the
medium is obtained by adding to (28) the Abraham
momentum density PA of the field. According to (1),
PA = (ǫ0/2c)n|E|
2, and so the total momentum density
is
PA + PD + P
A =
ǫ0
2c
[n+ n(nng − 1)]|E|
2 =
ǫ0
2c
n2ng|E|
2
(29)
if the dipole force is negligible. To express these re-
sults in terms of single photons, we again replace |E0|
2
by 2h¯ω/(ǫ0nngV ); then (29) takes the form
pA + pD + p
A = n
h¯ω
c
1
V
, (30)
consistent with the discussion in the preceding section.
This is the total momentum density per photon, assum-
ing that the dipole force is negligible. The momentum
density of the medium per photon follows from (28):
pmed = pD + p
A =
ǫ0
2c
n(nng − 1)
2h¯ω
nngǫ0V
= (n−
1
ng
)
h¯ω
c
1
V
, (31)
as stated earlier [Eq. (15)].
Consider the example of spontaneous emission by a
guest atom in a host dielectric medium. The atom loses
energy h¯ω0, and the quantum (photon in the medium)
of excitation carries away from the atom not only this
energy but also a linear momentum nh¯ω/c [Eq. (30)].
The atom therefore recoils with momentum nh¯ω/c [11].
The momentum density (25) was obtained by Nelson
[8] in a rigorous treatment of a deformable dielectric
based on a Lagrangian formulation; in the present pa-
per a dielectric medium is treated as an idealized rigid
body. From a microscopic perspective, this part of the
momentum density of the medium is attributable directly
to the second term on the right-hand side of (21), i.e., to
the part of the induced dipole moment that arises from
dispersion. In the Appendix the relation of this term to
the formula (5) for the total energy density is reviewed;
the term is obviously a general property of induced
dipole moments in applied fields. Consider, for exam-
ple, a two-level atom driven by a quasi-monochromatic
field with frequency ω far-detuned from the atom’s res-
onance frequency ω0. In the standard u, v notation for
5the off-diagonal components of the density matrix in the
rotating-wave approximation [12],
u(t)− iv(t) ∼=
1
∆
χ(t) +
i
∆2
∂χ
∂t
+ ... , (32)
where χ(t) is the Rabi frequency and ∆ is the detuning.
The polarizability is proportional to 1/∆ in this approx-
imation, and therefore (32) is just a special case of (21).
IV. MOMENTUM EXCHANGE BETWEEN A
LIGHT PULSE AND AN INDUCED DIPOLE
We next consider the momentum exchange between a
plane-wave pulse and a single polarizable particle. We
will assume again that the particle is characterized by a
real polarizability α(ω) and that it is surrounded by a
host medium with refractive index nb(ω). The electric
field is assumed to be
E(z, t) = E(t− z/vbg) cos(ωt− kz), (33)
with k = nb(ω)ω/c and group velocity vbg = c/nbg, nbg =
(d/dω)(ωnb).
The force acting on the particle is FE + FB. FB re-
duces to 12α(ω)(k/ω)(∂/∂t)|E|
2, obtained by multiplying
(27) by a volume V describing the pulse, replacing n2−1
by Nα/ǫ0 with NV = 1 for the single particle, and dif-
ferentiation with respect to time. FE follows from (22).
Then the force acting on the particle is in the z direction
and has the (cycle-averaged) magnitude
F =
1
4
α(ω)
∂
∂z
E2 +
1
4
α′(ω)nb(ω)
ω
c
∂
∂t
E2
+
1
2c
α(ω)nb(ω)
∂
∂t
E2, (34)
where now we retain the dipole force, given by the first
term on the right-hand side. The momentum of the par-
ticle at z at time T is
p =
∫ T
−∞
Fdt =
1
4
α
∫ T
−∞
∂
∂z
E2(t− z/vbg)dt
+
1
4c
α′nbω
∫ T
−∞
∂
∂t
E2(t− z/vbg)dt
+
1
2c
αnb
∫ T
−∞
∂
∂t
E2(t− z/vbg)dt
= −
1
4
α
1
vbg
E2 +
nb
4c
α′ωE2 +
1
2
α
nb
c
E2
=
1
4c
[(2nb − nbg)α+ nbωα
′]E2(T − z/vbg). (35)
Hinds and Barnett [1] have considered the force on a
two-level atom due to a pulse of light in free space. In
this case nb = nbg = 1 and (35) reduces to
p =
1
4c
[α+ ωα′]E2. (36)
Following Hinds and Barnett, we argue that a pulse oc-
cupying the volume V in the neighborhood of the atom
in free space corresponds to a number q = 12ǫ0E
2V/h¯ω of
photons, so that
p =
1
2c
[α+ ωα′]
h¯ω
ǫ0V
q. (37)
α = ǫ0(n
2 − 1)/N , where n is the refractive index in the
case of N polarizable particles per unit volume. Then
p =
1
2c
[
ǫ0(n
2 − 1)
N
+
2ǫ0n
N
ω
dn
dω
]
h¯ω
c
q
∼= [n− 1 + ω
dn
dω
]
h¯ω
c
q ≡ K
h¯ω
c
q. (38)
This is the momentum imparted to the particle, which
implies a change in field momentum per photon equal to
h¯ω
c
[1−K] ∼=
h¯ω
c
1
1 +K
=
h¯ω
ngc
(39)
if |K| ≪ 1, where ng = (d/dω)(nω). As in the case of a
two-level atom considered by Hinds and Barnett, this cor-
responds to the Abraham momentum; our result simply
generalizes theirs in replacing n by ng in the expression
for the change in photon momentum.
In the case of a polarizable particle in a host dielectric
rather than in free space we obtain, from (35),
p =
I
2ǫ0c2
[(2−
nbg
nb
)α+ ωα′], (40)
where the intensity I = (1/2)cǫ0nbE
2. If dispersion in
the medium and in the polarizability of the guest particle
are negligible, we can set nbg = n and α
′ = 0, and then
(40) reduces to a well known expression [13]. However,
this momentum can be large in a slow-light medium (nbg
large), for example, because the gradient of the field (33)
responsible for the dipole force on the particle is large
[14]; this is a consequence of the spatial compression of
a pulse in a slow-light medium. We discuss this case
further in Section VI. But first we return to some other
well known results that are relevant there.
V. ELECTRIC DIPOLE RADIATION RATE
AND RAYLEIGH SCATTERING [15]
A Hertz vector Π(r, ω) can be defined for a dielec-
tric medium, analogous to the case of free space [16],
by writing the electric and magnetic field components at
frequency ω as
E(r, ω) = k20 [ǫb(ω)/ǫ0]Π(r, ω) +∇[∇ ·Π(r, ω)], (41)
H(r, ω) = −iωǫb(ω)∇×Π(r, ω). (42)
Here k0 = ω/c and we denote by ǫb(ω) the (real) permit-
tivity of the dielectric. We will be interested here in a
6dipole source inside the “background” dielectric medium.
The identifications (41) and (42) are consistent with the
propagation of a wave of frequency ω with the phase ve-
locity c/nb(ω) in the medium [nb(ω) =
√
ǫb(ω)/ǫ0], as
will be clear in the following.
The curl of E(r, ω) in (41) is simply
∇×E(r, ω) = k20 [ǫb(ω)/ǫ0]∇×Π(r, ω), (43)
since the curl of a gradient is zero. Now apply the curl
operation to this equation, assuming no free currents and
therefore ∇×H(r, ω) = −iωD(r, ω):
∇× (∇×E) = iωµ0∇×H = ω
2µ0D
= k20 [ǫb(ω)/ǫ0]∇× (∇×Π)
= k20 [ǫb(ω)/ǫ0][∇(∇ ·Π)−∇
2Π],(44)
implying
∇2Π =
ǫ0
ǫb
ω2
k20
µ0D+∇(∇ ·Π) = −
1
ǫb
D+ [E−
ǫb
ǫ0
k20Π],
(45)
∇2Π+k2Π = E−
1
ǫb
D, k2 = k20ǫb(ω)/ǫ0 = n
2
b(ω)ω
2/c2.
(46)
IfD(r, ω) = ǫb(ω)E(r, ω), the right-hand side is zero, and
all we have done is rederived what we already know: the
field propagates with phase velocity ω/k(ω) = c/nb(ω).
Suppose, however, that within the medium there is a lo-
calized source characterized by a dipole moment density
Ps(r, ω) = p0(ω)δ
3(r). Then D = ǫbE+Ps and
∇2Π+ k2Π = −
1
ǫb
p0(ω)δ
3(r). (47)
The solution of this equation for Π(r, ω) is simply
Π(r, ω) =
1
4πǫb(ω)
p0(ω)
eikr
r
, (48)
and from this one obtains the electric and magnetic fields
due to the source in the medium. In the far field, assum-
ing p0 = pzˆ and letting θ be the angle between the z axis
and the observation point,
Eθ =
k20p
4πǫ0
sin θ
eikr
r
, (49)
Hφ =
nbk
2
0p
4πǫ0
√
ǫ0
µ0
sin θ
eikr
r
, (50)
in spherical coordinates. The Poynting vector S = E×H
implies the radiation rate
P =
nbp
2ω4
12πǫ0c3
, (51)
analogous to the fact that the spontaneous emission rate
of an atom in a dielectric without local field corrections is
proportional to the (real) refractive index at the emission
frequency.
Polarizability of a Dielectric Sphere
Suppose, somewhat more generally, that the source
within the medium occupies a volume V and is char-
acterized by a permittivity ǫs(ω). Then D(r, ω) =
ǫ(r, ω)E(r, ω), where ǫ = ǫs(ω) within the volume V oc-
cupied by the source and ǫ(r, ω) = ǫb(ω) outside this
volume, and
∇2Π+ k2Π = [1− ǫ(r, ω)/ǫb(ω)]E. (52)
The solution of this equation is
Π(r, ω) = −
1
4π
[
1−
ǫs(ω)
ǫb(ω)
] ∫
V
d3r′E(r′, ω)
eik|r−r
′|
|r− r′|
.
(53)
Suppose further that the extent of the volume V is suf-
ficiently small compared to a wavelength that we can
approximate (53) by
Π(r, ω) = −
1
4π
[
1−
ǫs(ω)
ǫb(ω)
]
VEins(ω)
eikr
r
, (54)
with r the distance from the center of the source (at
r = 0) to the observation point and Eins(ω) the (ap-
proximately constant) electric field in the source vol-
ume V . This has the same form as (48) with p0(ω) =
ǫb(ω)[ǫs(ω)/ǫb(ω)− 1]VEins(ω). In other words, Π(r, ω)
has the same form as the Hertz vector for an electric
dipole moment
p0(ω) = [ǫs(ω)− ǫb(ω)]VEins(ω). (55)
Consider, for example, a small dielectric sphere of ra-
dius a: V = 4πa3/3. The field inside such a sphere is
Eins(ω) = [3ǫb/(ǫs+2ǫb)]Eb(ω), where Eb(ω) is the (uni-
form) electric field in the medium in the absence of the
source. The dipole moment (55) in this case is there-
fore related to the external field Eout(ω) by p0(ω) =
α(ω)Eout(ω), where the polarizability
α(ω) = 4πǫb
(
ǫs − ǫb
ǫs + 2ǫb
)
a3. (56)
Rayleigh Attenuation Coefficient
The cross section for Rayleigh scattering for an ideal
gas of refractive index n(ω) can be deduced as follows
[17]. An electric field E0 cosωt induces an electric dipole
moment p(t) = α(ω)E0 cosωt in each of N isotropic, po-
larizable particles per unit volume, each particle having
a spatial extent small compared to a wavelength. The
power radiated by this dipole is, from Eq. (51),
dWrad
dt
= n(ω)
ω4
12πǫ0c3
α2(ω)E20 ≡ σR(ω)I, (57)
where Wrad denotes energy of the radiated field, I =
1
2n(ω)cǫ0E
2
0 is the intensity of the field incident on the
7dipole, and
σR(ω) =
1
6πN2
(ω
c
)4
[n2(ω)− 1]2 (58)
is the (Rayleigh) scattering cross section. We have as-
sumed that local field corrections are negligible and used
the formula n2(ω) − 1 = Nα(ω)/ǫ0 to express σR(ω) in
terms of the refractive index n(ω). The attenuation co-
efficient is then
aR = NσR =
1
6πN
(ω
c
)4
[n2(ω)− 1]2. (59)
Rosenfeld [18] obtains instead
aR = NσR =
1
6πn(ω)N
(ω
c
)4
[n2(ω)− 1]2, (60)
because he does not account for the factor n(ω) in the
dipole radiation rate (57). Rayleigh’s derivation of (59)
follows essentially the one just given, but the factor n(ω)
appears in neither the dipole radiation rate nor the ex-
pression for the intensity (or actually, in his derivation,
the energy density) [19]. In practice the difference be-
tween (59) and (60) is negligible for the case assumed
here of a dilute medium [20].
VI. FORCE ON A DIELECTRIC SPHERE
The expression (34) for the force on a polarizable par-
ticle in a field (33) may be generalized to allow for ab-
sorption by the particle simply by taking the polarizabil-
ity α(ω) in (21) to be complex. Assuming again that
E is slowly varying in time compared to exp(−iωt), and
slowly varying in space compared to exp(ikz), we obtain
F =
1
4c
[(2nb − nbg)αR + nbωα
′
R]
∂
∂τ
|E|2 +
1
2
nb
ω
c
αI |E|
2,
(61)
where τ = t − nbgz/c and αR and αI are the real and
imaginary parts, respectively, of α(ω). If we replace nbg
by nb and take α
′
R
∼= 0, we recover results that may
be found in many previous works when absorption is as-
sumed to be negligible [13]. The last term in (61) is
the absorptive contribution to equation (7) of a paper
by Chaumet and Nieto-Vesperinas [21] when the field is
assumed to have the form (33).
The polarizability in the case of a dielectric sphere
of radius a much smaller than the wavelength of the
field is given by (56). Dispersion affects the force (61)
both through the group index (nbg) of the host dielectric
medium and the variation of the real part of the sphere’s
polarizability with frequency (α′R). The latter depends
on both the intrinsic frequency dependence of the per-
mittivity of the material of the sphere and the frequency
dependence of the refractive index of the host medium.
If these dispersive contributions to the force exceed the
remaining two contributions to the force (56),
F ∼=
1
4c
[−αRnbg + nbωα
′
R]
∂
∂τ
|E|2. (62)
Using (56) for this case, we obtain
F ∼= −
3πǫ0a
3
c
nbg
n2sn
4
b
(n2s + 2n
2
b)
2
∂
∂τ
|E|2 (63)
if the dispersion of the dielectric material constituting
the sphere is much smaller than that of the host dielec-
tric medium, i.e., if dǫs/dω ≪ dǫb/dω. (Here ns is the
refractive index at frequency ω of the material of the
sphere.) This result implies that, in the case of a slow-
light host medium (nbg ≫ 1), the force on the sphere can
be much larger than would be the case in a “normally
dispersive” medium, and is in the direction opposite to
that in which the field propagates.
The simple formula (63), and similar expressions ob-
tained in other limiting cases of (61), obviously allow for
a wide range of forces when a pulse of radiation is incident
on a dielectric sphere in a host dielectric medium. Here
we make only a few remarks concerning the last term in
(61). Although we have associated this contribution to
the force with absorption, such a force appears even if
the sphere does not absorb any radiation of frequency ω.
This is because there must be an imaginary part of the
polarizability simply because the sphere scatters radia-
tion and thereby takes energy out of the incident field.
According to the optical theorem in this case of scattering
by a nonabsorbing polarizable particle that is small com-
pared to the wavelength of the field, the imaginary part
of the polarizability is related to the complete (complex)
polarizability as follows [22]:
αI(ω) =
1
4πǫ0
2ω3
3c3
nb|α(ω)|
2. (64)
Then the force proportional to αI(ω) in (61) is
Fscat ≡
1
2
n5b
ω
c
αI |E|
2 =
8π
3
(ω
c
)4 n5bI
c
(
ǫs − ǫb
ǫs + 2ǫb
)2
a6,
(65)
which is just the well known “scattering force” [23] on a
dielectric sphere in a medium with refractive index nb,
which may be taken to be real in the approximation in
which the field is far from any absorption resonances of
the sphere.
VII. CONCLUSIONS
In this attempt to better understand the different elec-
tromagnetic momenta and the forces on electrically po-
larizable particles in dispersive dielectric media, we have
made several simplifications, including the neglect of any
surface effects, the treatment of the medium as a non-
deformable body, and the approximation of plane-wave
fields. We have shown that conservation of momentum,
even in seemingly simple examples such as the Doppler
effect, generally requires consideration not only of the
Abraham momentum and the Abraham force, but also
of a contribution to the momentum of the medium due
8specifically to the dispersive nature of the medium. We
have generalized some well known expressions for the
forces on particles immersed in a dielectric medium to
include dispersion. While we have presented arguments
in favor of the interpretation of the Abraham momentum
as the momentum of the field, our simplified analyses lead
us to the conclusion that neither the Abraham nor the
Minkowski expressions for momentum give the recoil mo-
mentum of a particle in a dispersive dielectric medium.
Finally we have shown that the force exerted on a par-
ticle in a strongly dispersive medium is approximately
proportional to the group index nbg, and can therefore
become very large in a slow-light medium.
APPENDIX. Consistency of Eqs. (5) and (21).
Since the term involving α′ in Eq. (21) is essential to
our analysis, and in particular to the derivation of Nel-
son’s dispersive contribution [Eq. (25)] to the momentum
density, we review here the fact that the expression (5)
for the total energy density may be regarded as a conse-
quence of Eq. (21) and Poynting’s theorem. We begin
by writing Poynting’s theorem in its integral form:
∮
S · nˆda = −
∫ [
E ·
∂D
∂t
+ µ0H ·
∂H
∂t
]
dV
= −
∫ [
1
2
∂
∂t
(ǫ0E
2 + µ0H
2) +E ·
∂P
∂t
]
dV
= −
∫
u˙dV. (A-1)
The integral of the normal component of S = E×H on
the left-hand side is, as usual, over a surface enclosing a
volume V , and
u˙ =
1
2
∂
∂t
[ǫ0E
2 + µ0H
2] +E ·
∂P
∂t
. (A-2)
u is the density of total energy, that in the field plus that
in the medium. Using P = Nd, together with
E ·
∂P
∂t
=
∂
∂t
(E ·P)−
∂E
∂t
·P, (A-3)
Eq. (21), and E = E0 exp(−iωt), we obtain
E ·
∂P
∂t
=
1
4
N(α+ ωα′)
∂
∂t
|E0|
2 (A-4)
when we take the cycle average and use the assumption
made in obtaining (21) that E˙0 is negligible compared to
ωE0. Then, from ǫ(ω) = ǫ0 +Nα(ω), it follows that
1
2
∂
∂t
(ǫ0E
2) +E ·
∂P
∂t
=
1
4
[ǫ+ ω
dǫ
dω
]
∂
∂t
|E0|
2, (A-5)
from which (5) follows.
Comments added after original submission:
A dispersive contribution to the momentum such as
appears in Eq. (25), for example, appears also in earlier
work by H. Washimi; see H. Washimi and V.I. Karpman,
Sov. Phys. JETP 44, 528 (1976) and references therein.
When the force (61) is applied to the case of a guest
two-level atom in a host medium it reduces to the expres-
sion given in Eq. (3) of S.E. Harris, Phys. Rev. Lett.
85, 4032 (2000) if it is assumed that (i) the plane-wave
field acting on the atom propagates at the group velocity
of the host medium; (ii) the field frequency is sufficiently
different from the atom’s transition frequency that the
term proportional to α′R is negligible; (iii) the medium is
sufficiently dispersive that nbg ≫ nb; and (iv) absorption
is negligible, so that the term proportional to αI may be
ignored.
We thank Dr. P.D. Lett for bringing the work of
Washimi and Harris to our attention.
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